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On general linear groups over exchange rings
Raimund Preusser
Abstract
Let R be an exchange ring. We prove that the relative elementary subgroups
En(R, I) are normal in the general linear group GLn(R) if n ≥ 1 and that the
standard commutator formula En(R, I) = [En(R),En(R, I)] = [En(R),Cn(R, I)]
holds if n ≥ 3. Moreover, we classify the subgroups of GLn(R) that are nor-
malised by the elementary subgroup En(R) in the case n ≥ 3.
1 Introduction
Let R be a ring. A left R-module M is said to have the exchange property if for any
module X and decompositions
X = M ′ ⊕ Y =
⊕
i∈I
Ni
where M ′ ∼= M , there exists submodules N ′i ⊆ Ni for each i such that
X = M ′ ⊕ (
⊕
i∈I
N ′i).
R is called an exchange ring if RR has the exchange property. W. Nicholson [5] showed
that R is an exchange ring iff for any x ∈ R there is an idempotent e ∈ xR such that
1− e ∈ (1− x)R. It follows that any exchange ring R has property (1) below, see [5,
Proposition 1.11].
If m ∈ N and x1, . . . , xm ∈ R such that x1 + · · ·+ xm = 1, then there are orthogonal
idempotents ei ∈ xiR (1 ≤ i ≤ m) such that e1 + · · ·+ em = 1. (1)
The class of exchange rings is quite large, it contains all semiperfect rings [5],
semiregular rings [5], local rings [5], clean rings [5], purely infinite simple rings [2] and
(not necessarily simple) purely infinite Leavitt path algebras [1, Corollary 3.8.19].
The main results of this paper are the following three theorems, where GLn(R)
denotes the general linear group (of degree n) over R, En(R) the elementary subgroup,
En(R, I) the elementary subgroup of level I and Cn(R, I) the full congruence subgroup
of level I.
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Theorem 1. Suppose that R is an exchange ring and I ⊳R an ideal. Then En(R, I)
is a normal subgroup of GLn(R).
Theorem 2. Suppose that R is an exchange ring and n ≥ 3. Then
En(R, I) = [En(R),En(R, I)] = [En(R),Cn(R, I)]
for any ideal I ⊳ R.
Theorem 3. Suppose that R is an exchange ring and n ≥ 3. Let H be a subgroup of
GLn(R). Then H is normalised by En(R) iff there is an ideal I ⊳ R such that
En(R, I) ⊆ H ⊆ Cn(R, I).
Moreover, the ideal I is uniquely determined.
Similar results for other classes of rings (including the class of commutative rings)
were obtained in [3], [11], [4], [8], [9] and [10].
The rest of the paper is organised as follows. In Section 2 we recall some standard
notation which is used throughout the paper. In Section 3 we recall the definitions
of the general linear group GLn(R) and some important subgroups. In Section 4 we
prove Theorem 1, in Section 5 Theorem 2 and in Section 6 Theorem 3.
2 Notation
N denotes the set of positive integers. If G is a group and g, h ∈ G, we let gh := h−1gh
and [g, h] := ghg−1h−1. If H and K are subgroups of G, we denote by [H,K] the
subgroup of G generated by the set {[h, k] | h ∈ H, k ∈ K}. By a ring we mean
an associative ring with 1 6= 0. By an ideal of a ring we mean a twosided ideal. To
denote that I is an ideal of a ring R we write I ⊳R.
Throughout the paper R denotes a ring and n ∈ N a positive integer. We denote
by Rn the set of all columns u = (u1, . . . , un)
t with entries in R and by nR the set
of all rows v = (v1, . . . , vn) with entries in R. Furthermore, the set of all n × n
matrices over R is denoted by Mn(R). The identity matrix in Mn(R) is denoted by e
and the matrix with a one at position (i, j) and zeros elsewhere is denoted by eij . If
σ ∈ Mn(R), we denote the the entry of σ at position (i, j) by σij . We denote the i-th
row of σ by σi∗ and its j-th column by σ∗j . If σ ∈ Mn(R) is invertible, we denote the
entry of σ−1 at position (i, j) by σ′ij , the i-th row of σ
−1 by σ′i∗ and the j-th column
of σ−1 by σ′∗j .
3 The general linear group
We shall recall the definitions of the general linear group GLn(R) and its elementary
subgroup En(R). For an ideal I⊳R we shall recall the definition of the preelementary
subgroup En(I) of level I, the elementary subgroup En(R, I) of level I and the full
congruence subgroup Cn(R, I) of level I.
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3.1 The general linear group and its elementary subgroup
Definition 4. The group GLn(R) consisting of all invertible elements of Mn(R) is
called the general linear group of degree n over R.
Definition 5. Let x ∈ R and i, j ∈ {1, . . . , n} such that i 6= j. Then the matrix
tij(x) := e + xe
ij ∈ GLn(R) is called an elementary transvection. The subgroup
En(R) of GLn(R) generated by the elementary transvections is called the elementary
subgroup.
Lemma 6. The relations
tij(x)tij(y) = tij(x+ y), (R1)
[tij(x), thk(y)] = e and (R2)
[tij(x), tjk(y)] = tik(xy) (R3)
hold where i 6= k, j 6= h in (R2) and i 6= k in (R3).
Proof. Straightforward computation.
Definition 7. Let i, j ∈ {1, . . . , n} such that i 6= j. Then the matrix pij := e +
eij − eji − eii − ejj = tij(1)tji(−1)tij(1) ∈ En(R) is called a generalised permutation
matrix. It is easy to show that p−1ij = pji. The subgroup of En(R) generated by the
generalised permutation matrices is denoted by Pn(R).
Lemma 8. Suppose n ≥ 3. Let x ∈ R and i, j, i′, j′ ∈ {1, . . . , n} such that i 6= j and
i′ 6= j′. Then there is a τ ∈ Pn(R) such that tij(x)
τ = ti′j′(x).
Proof. Easy exercise.
3.2 Relative subgroups
In this subsection I ⊳ R denotes an ideal.
Definition 9. An elementary transvection tij(x) is called I-elementary if x ∈ I. The
subgroup En(I) of En(R) generated by all I-elementary transvections is called the
preelementary subgroup of level I. Its normal closure En(R, I) in En(R) is called the
elementary subgroup of level I.
Definition 10. Let φ : GLn(R) → GLn(R/I) be the group homomorphism induced
by the canonical map R → R/I. The group Cn(R, I) := φ
−1(Center(GLn(R/I)) is
called the full congruence subgroup of level I.
Remark 11. Let σ ∈ GLn(R). Then clearly σ ∈ Cn(R, I) iff σij ∈ I (1 ≤ i 6= j ≤ n)
and aσii − σjja ∈ I (1 ≤ i, j ≤ n, a ∈ R).
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4 Normality of relative elementary subgroups
Lemma 12. Let I ⊳ R be an ideal. Let u ∈ Rn and v ∈ nR such that vu = 0.
Suppose that v has a zero entry and that all the other entries of v lie in I. Then
e+ uv ∈ En(R, I)
Proof. Suppose vj = 0. The proof of [7, Lemma 3] shows that
e+ uv = (
∏
i 6=j
tji(vi)
∏
i6=j
tij(−ui)
)
∏
i 6=j
tji((uj − 1)vi) ∈ En(R, I).
Recall that a row v ∈ nR is called unimodular if there is a column w ∈ Rn such
that vw = 1.
Proposition 13. Suppose R is an exchange ring and n ≥ 2. Let I ⊳ R be an ideal
and x ∈ I. Let u ∈ Rn be a column and v ∈ nR a unimodular row such that vu = 0.
Then e+ uxv ∈ En(R, I)
Proof. Let w ∈ Rn such that vw = 1. Since R has property (1), there are elements
r1, . . . , rn ∈ R and idempotents e1, . . . , en ∈ R such that ei = viwiri (1 ≤ i ≤ n) and
e1 + · · ·+ en = 1. Let now i ∈ {1, . . . , n} and set τ(i) := e + uxeiv. Choose a j 6= i.
Then
τ(i)tij(−wirivj) = e+ u′v′
where u′ = tij(wirivj)u and v
′ = xeivtij(−wirivj). Clearly v
′
j = 0. It follows from
Lemma 12 that e + u′v′ ∈ En(R, I) and hence τ(i) ∈ En(R, I). Thus e + uxv =
τ(1) . . . τ(n) ∈ En(R, I).
Proof of Theorem 1. The case n = 1 is trivial, so let us assume that n ≥ 2. Let
tij(x) be an I-elementary transvection and σ ∈ GLn(R). Then tij(x)
σ = e + σ′∗ixσj∗.
By Proposition 13 we have e + σ′∗ixσj∗ ∈ En(R, I). Thus En(R, I) is normal.
Remark 14. Using the proofs of Lemma 12 and Proposition 13 it is easy to obtain an
explicit expression of a matrix tij(x)
σ, where σ ∈ GLn(R), i 6= j, x ∈ R, as a product
of 4n2 − 3n elementary transvections.
5 The standard commutator formula
The following result is well-known, see e.g. [7, Lemma 1]. It follows from relation
(R3) in Lemma 6.
Lemma 15. Suppose n ≥ 3. Then En(R, I) = [En(R),En(R, I)] for any ideal I ⊳R.
In particular, the absolute elementary subgroup En(R) is perfect.
Proposition 16. Suppose R is an exchange ring. Then [En(R),Cn(R, I)] ⊆ En(R, I)
for any ideal I ⊳ R.
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Proof. The case n = 1 is trivial. Suppose now that n ≥ 2 and let σ ∈ Cn(R, I),
1 ≤ i 6= j ≤ n and x ∈ R. We have to show that [tij(x), σ] ∈ En(R, I). Since R has
property (1), there are elements r1, . . . , rn ∈ R and idempotents e1, . . . , en ∈ R such
that ek = σ
′
jkσkjrk (1 ≤ k ≤ n) and e1+ · · ·+ en = 1. Let now k ∈ {1, . . . , n} and set
τ(k) := [tij(xek), σ] = tij(xek)(e− σ∗ixekσ
′
j∗).
Case 1 Suppose k 6= j. Choose an l 6= k and set ξ := tkl(−σkjrkσ
′
jl). Then
τ(k)ξ = (tij(xek)
ξ)(e+ uv) where u = −ξ−1σ∗i and v = xekσ
′
j∗ξ. Since k 6= j we have
ek ∈ I and hence tij(xek)
ξ ∈ En(R, I). Moreover, vl = 0 and hence e+ uv ∈ En(R, I)
by Lemma 12. It follows that τ(k) ∈ En(R, I).
Case 2 Suppose k = j. set ξ :=
∏
l 6=j
tjl(−σjjrjσ
′
jl). Then
τ(j)ξ = (tij(xej)
ξ)(e + uv) (2)
where u = −ξ−1σ∗i and v = xejσ
′
j∗ξ. Clearly
tij(xej)
ξ = [ξ−1, tij(xej)]tij(xej). (3)
Moreover, vl = 0 for any l 6= j. One checks easily that
tij(xej)(e+ uv) = (e+ ze
jj)tij(xej(1 + z)− σiixejσ
′
jj)
∏
l 6=i,j
tlj(−σlixejσ
′
jj) (4)
where z = −(σji +
∑
l 6=j
σjjrjσ
′
jlσli)xejσ
′
jj ∈ I. It follows from equations (2)-(4) that
τ(j)ξ = [ξ−1, tij(xej)](e+ ze
jj)tij(xej(1 + z)− σiixejσ
′
jj)
∏
l 6=i,j
tlj(−σlixejσ
′
jj).
Clearly [ξ−1, tij(xej)] and
∏
l 6=i,j
tlj(−σlixejσ
′
jj) lie in En(R, I) (note that ξ ∈ En(R, I)).
Moreover,
xej(1 + z)− σiixejσ
′
jj
≡xej − σiixejσ
′
jj
≡xej − xejσjjσ
′
jj
=xej(1− σjjσ
′
jj)
=xej(
∑
l 6=j
σjlσ
′
lj)
≡0 mod I
by Remark 11, and hence tij(xej(1 + z) − σiixejσ
′
jj) ∈ En(R, I). It remains to show
that e+ zejj ∈ En(R, I). Clearly
z =− (σji +
∑
l 6=j
σjjrjσ
′
jlσli)xejσ
′
jj
=− (σji − σjjrjσ
′
jjσji)xejσ
′
jj
=(σjjrjσ
′
jj − 1)︸ ︷︷ ︸
a:=
σjixejσ
′
jj︸ ︷︷ ︸
b:=
5
Clearly b ∈ I and ba = 0. Let u′ ∈ Rn be the column that has a at position j and
zeros elsewhere. Furthermore, let v′ ∈ nR be the row that has b at position j and
zeros elsewhere. It follows from Lemma 12 that e+ zejj = e+u′v′ ∈ En(R, I). Hence
τ(j) ∈ En(R, I).
We have shown that τ(k) = [tij(xek), σ] ∈ En(R, I) for any 1 ≤ k ≤ n. Since
tij(x) = tij(xe1) . . . tij(xen), it follows that [tij(x), σ] ∈ En(R, I).
Theorem 2 follows immediately from Lemma 15 and Proposition 16.
6 Sandwich classification of En(R)-normal subgroups
In Subsection 6.1 we recall the concept of simultaneous reduction in groups, which
was introduced in [6]. In Subsection 6.2 we apply this idea to get a result for general
linear groups over arbitrary rings, namely Proposition 20. In Subsection 6.3 we use
Proposition 20 to prove Theorem 3.
6.1 Simultaneous reduction in groups
In this subsection G denotes a group.
Definition 17. Let (a1, b1), (a2, b2) ∈ G×G. If there is an g ∈ G such that
a2 = [a
−1
1 , g] and b2 = [g, b1],
then we write (a1, b1)
g
−→ (a2, b2). In this case (a1, b1) is called reducible to (a2, b2) by
g.
Definition 18. If (a1, b1), . . . , (an+1, bn+1) ∈ G×G and g1, . . . , gn ∈ G such that
(a1, b1)
g1
−→ (a2, b2)
g2
−→ . . .
gn
−→ (an+1, bn+1),
then we write (a1, b1)
g1,...,gn
−−−−→ (an+1, bn+1). In this case (a1, b1) is called reducible to
(an+1, bn+1) by g1, . . . , gn.
Let H be a subgroup of G. If g ∈ G and h ∈ H , then we call gh an H-conjugate
of g.
Lemma 19. Let (a1, b1), (a2, b2) ∈ G × G. If (a1, b1)
g1,...,gn
−−−−→ (a2, b2) for some
g1, . . . , gn ∈ G, then a2b2 is a product of 2
n H-conjugates of a1b1 and (a1b1)
−1 where
H is the subgroup of G generated by {a1, g1, . . . , gn}.
Proof. Assume that n = 1. Then
a2b2 = [a
−1
1 , g1][g1, b1] = (a1b1)
g
−1
1
a1 · ((a1b1)
−1)a1 .
Hence a2b2 is a product of two H-conjugates of a1b1 and (a1b1)
−1. The general case
follows by induction.
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6.2 Application to general linear groups
The proposition below generalises [6, Proposition 9(ii),(iii)].
Proposition 20. Suppose that n ≥ 3 and let σ ∈ GLn(R). Suppose that
y
n∑
p=1
σipxp = 0
for some i ∈ {1, . . . , n} and x1, . . . , xn, y ∈ R where xj = 1 for some j ∈ {1, . . . , n}.
Then for any k 6= l and a, b ∈ R, the elementary transvection tkl(ayxib) is a product
of 8 En(R)-conjugates of σ and σ
−1.
Proof. Case 1 Suppose i = j. Choose 1 ≤ r, s ≤ n such that i, r and s are pairwise
distinct. Set τ :=
∏
p 6=i
tpi(xp) and
ξ := [tri(−y), σ
−1]τ = tri(−y)tri(y)
στ
(note that tri(−y) and τ commute). Clearly ξ is a product of 2 En(R)-conjugates of
σ and σ−1. Since tri(y)
σ = e+σ′∗ryσi∗ and (yσi∗τ)i = 0, we get that (tri(y)
στ )∗i = e∗i.
One checks easily that
(tri(−y), tri(y)
στ)
tis(b),tir(a)
−−−−−−→ (tis(ayb), e).
It follows from Lemma 19 that tis(ayb) is a product of 4 En(R)-conjugates of ξ and
ξ−1. Thus tis(ayb) is a product of 8 En(R)-conjugates of σ and σ
−1. The assertion of
the proposition follows now from Lemma 8.
Case 2 Suppose i 6= j. Choose 1 ≤ r ≤ n such that i, j and r are pairwise dis-
tinct. Set τ :=
∏
p 6=j
tpj(xp) and
ξ := [tri(−y), σ
−1]τ = trj(−yxi)tri(−y)tri(y)
στ
(note that tri(−y)
τ = trj(−yxi)tri(−y)). Clearly ξ is a product of 2 En(R)-conjugates
of σ and σ−1. Since tri(y)
σ = e+ σ′∗ryσi∗ and (yσi∗τ)j = 0, we get that (tri(y)
στ)∗j =
e∗j . One checks easily that
(trj(−yxi)tri(−y), tri(y)
στ )
tji(b),tjr(a)
−−−−−−→ (tji(ayxib), e).
It follows from Lemma 19 that tji(ayxib) is a product of 4 En(R)-conjugates of ξ and
ξ−1. Thus tji(ayxib) is a product of 8 En(R)-conjugates of σ and σ
−1. The assertion
of the proposition follows now from Lemma 8.
6.3 Proof of Theorem 3
Proposition 21. Suppose that R is an exchange ring and n ≥ 3. Let σ ∈ GLn(R),
i 6= j, k 6= l and a, b, c ∈ R. Then
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(i) tkl(aσijb) is a product of 16n− 8 En(R)-conjugates of σ and σ
−1 and
(ii) tkl(a(cσii − σjjc)b) is a product of 48n− 24 En(R)-conjugates of σ and σ
−1.
Proof. (i) Since R has property (1), there are there are elements r1, . . . , rn ∈ R
and idempotents e1, . . . , en ∈ R such that ep = σipσ
′
pirp (1 ≤ p ≤ n) and
e1 + · · ·+ en = 1. Clearly ep(σii − σipσ
′
pirpσii) = 0 for any p 6= i. It follows from
Proposition 20 that
tkl(aepb) is a product of 8 En(R)-conjugates of σ and σ
−1 for any p 6= i. (5)
Moreover, ei(σij − σiiσ
′
iiriσij) = 0. It follows from Proposition 20 that
tkl(aeiσ
′
iiriσijb) is a product of 8 En(R)-conjugates of σ and σ
−1. (6)
Clearly
tkl(aσijb) = (
∏
p
tkl(aσiiepσ
′
iiriσijb)(
∏
p 6=i
tkl(aepσijb)).
It follows from (5) and (6) that tkl(aσijb) is a product of 8n+8(n−1) = 16n−8
En(R)-conjugates of σ and σ
−1.
(ii) Clearly the entry of σtji(−c) at position (j, i) equals cσii − σjjc + σji − cσijc.
Applying (i) to σtji(−c) we get that tkl(a(cσii − σjjc+ σji − cσijc)b) is a product
of 16n − 8 En(R)-conjugates of σ and σ
−1. Applying (i) to σ we get that
tkl(a(cσijc−σji)b) = tkl(acσijcb)tkl(−aσjib) is a product of 2·(16n−8) = 32n−16
En(R)-conjugates of σ and σ
−1. It follows that tkl(a(cσii−σjjc)b) = tkl(a(cσii−
σjjc+σji− cσijc)b)tkl(a(cσijc−σji)b) is a product of 48n−24 En(R)-conjugates
of σ and σ−1.
Proof of Theorem 3. (⇒) Suppose that H is normalised by En(R). Let I ⊳ R be
the ideal generated by the set
{σij , aσii − σjja | σ ∈ H, i 6= j, a ∈ R}.
Then H ⊆ Cn(R, I) by Remark 11. It remains to shown that En(R, I) ⊆ H . Since H
is normalised by En(R), it suffices to show that En(I) ⊆ H . But that clearly follows
from Proposition 21.
(⇐) Suppose that En(R, I) ⊆ H ⊆ Cn(R, I) for some ideal I ⊳R. Then
[En(R), H ] ⊆ [En(R),Cn(R, I)] = En(R, I) ⊆ H
by Theorem 2. Thus H is normalised by En(R). In order to show the uniqueness
of I suppose that J ⊳ R is an ideal such that En(R, J) ⊆ H ⊆ Cn(R, J). If x ∈ I,
then t12(x) ∈ En(R, I) ⊆ H ⊆ Cn(R, J). Hence, by Remark 11, x ∈ J . Thus we have
shown that I ⊆ J . The inclusion J ⊆ I follows by symmetry.
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